has proposed a new modified theory of gravity, Emergent Gravity (EG), as an alternative to dark matter. EG reproduces the Tully-Fisher relationship with no free parameters, and agrees with the velocity curves of most massive, spiral galaxies well. In its current form, the theory only applies to isolated, spherically symmetric systems in a dark energy-dominated Universe, and thus can only be tested fairly with such systems. Here I develop equations for EG's velocity curve predictions given a realistic, extended mass distribution. I apply this to isolated dwarf galaxies. Then I test the predictions from EG versus the maximum velocity measurements of 81 isolated dwarf galaxies with projected shapes close to circular. I find that EG severely underpredicts the maximum velocities for those galaxies with measured velocities v > 165 km/s. Most of these galaxies have greater HI gas masses than stellar masses, and it is seems that EG is unable to describe these systems well. Rotation curves of these isolated, HI gas-rich, nearly spherical dwarf galaxies would provide the definitive test of EG.
1. INTRODUCTION Since Zwicky's paper on "dunkel matter" in the 1930s (Zwicky 1933) , there has been growing evidence for new physics. Rotation curves of galaxies (Rubin et al. 1980) , the Cosmic Microwave Background (Planck Collaboration et al. 2016) , and Baryonic Acoustic Oscillations (Eisenstein et al. 2005) have solidified the need for something beyond the Standard Model or General Relativity (GR). Is this new physics a dark matter particle or a modification of GR? Verlinde (2016) gives one possible solution to this question.
In Emergent Gravity (EG) theory (Verlinde 2016) , gravity emerges from the entanglement of spacetime. According to this theory, dark energy has some entanglement entropy associated with it. Baryonic matter displaces dark energy, and, due to the volume law contribution to entropy, this causes an elastic response force on the matter. This manifests itself as an extra gravitational force around massive objects. Verlinde (2016) uses this elastic response force ansatz to produce an equation for the "apparent dark matter" given some baryonic mass distribution.
In the limit of a point-source mass, the equation for the apparent DM in EG converges to the weak limit equation from Modified Newtonian Gravity (MOND) (Milgrom 1983) . Thus, Verlinde (2016) manages to derive the Tully-Fischer relation within his theory using no free parameters, and directly connects the MOND acceleration, a 0 , to the energy density in dark energy.
However, EG in its current formulation only applies to the current, deSitter-like Universe. In addition, the equations given in Verlinde (2016) are only valid for kpardo@astro.princeton.edu spherically symmetric, isolated systems. Nonetheless, there have been several tests of this theory. Brouwer et al. (2016) studied the weak lensing of galaxy clusters, and found it to be consistent with EG. Ettori et al. (2016) found EG to agree with two large, roughly spherical galaxy clusters, and Diez-Tejedor et al. (2016) also found agreement with the mass-to-light ratios of the classical dwarf spheroidal satellite galaxies. Several studies claim that EG is inconsistent with observations: the initial mass functions of massive early-type galaxies (Tortora et al. 2017) , the radial acceleration within the inner regions of spiral galaxies Lelli et al. (2017) , and the perihelia of Solar system planets Hees et al. (2017) . However, all of these tests attempt to apply EG outside of the currently narrow regime where it makes robust predictions: spherically symmetric, isolated systems in the nearby Universe.
In this paper, I consider EG's predictions for the velocities within isolated, spherical dwarf galaxies and compare these to observations. These systems fulfill all of the requirements of the current formulation of EG, and thus provide the strongest constraints on EG. I derive the equations for a specific extended mass distribution, a deprojected Sérsic profile, and the corresponding "apparent" dark matter predicted from EG in Section 2. In Section 3, I describe how I apply these equations to isolated, spherical dwarf galaxies, and the data that I employ. I compare EG's predictions for the velocities around isolated dwarf galaxies to those measured in a recent 21 cm study (Bradford et al. 2015) in Section 4. I discuss these results and conclude in Section 5.
APPARENT DM DISTRIBUTION PREDICTIONS FROM EG FOR A REALISTIC BARYONIC MASS DISTRIBUTION
My goal is to describe the velocity curve of an extended mass distribution in EG. Conservation of energy tells us that the circular velocity, v(r), is given by
where r is the radius from the center of the mass distribution and M B (r) is the baryonic mass as a function of radius. For standard GR, M D (r) is the dark matter distribution. In EG, M D (r) is the effective mass, or apparent DM distribution. Here I derive the apparent dark matter distribution predicted by EG due to a realistic baryonic mass distribution within an isolated, spherical distribution. For a spherically symmetric, isolated system, the apparent DM predicted by EG (Verlinde 2016 
where G is the normal gravitational constant, and a 0 = cH 0 . By taking the derivative of both sides with respect to r, we find an equation for M D (r),
Note that if we allow M B to be a point-mass, then M D (r) = a0r 2 6G M B , which would give a gravitational acceleration of
This is just the MOND acceleration in the weak-field limit (Milgrom 1983 ) with a M = a0 6 . I only include this as an aside -dwarf galaxies are of course not describable as point-masses.
Instead, let us consider an extended mass distribution. In particular, I will employ a deprojected Sérsic profile. These profiles fit the stellar light of galaxies well, and since I am assuming there is no dark matter, this should also be a good measure of the mass.
The Sérsic profile of a galaxy is given by
where I e and R e are the intensity and projected radius at the half-light slice, respectively, and n is the so-called Sérsic index, which is a measure of the concentration of the light about the center. The constant b n is given such that
where Γ(a) is the complete gamma function and γ(a, x) is the lower incomplete gamma function. To give the mass profile, we must first deproject the Sérsic profile to give the luminosity density. Assuming spherical symmetry, we can then integrate in the angular directions to give the radial luminosity profile. Mazure & Capelato (2002) first found the exact solution for the radial luminosity profile given a general Sérsic profile, and I use their results here.
Since I am assuming that there is no dark matter, I just say that the mass follows the light. Then, the stellar mass profile should be the same as the luminosity profile except for some scaling factor, the baryonic massto-light ratio, Υ. This ratio, along with the effective intensity simply give the normalization of the function, and thus I let Σ = I e Υ, where my process for setting this normalization constant is given in Section 3.2. The final equation for the mass profile is
where
is the Meijer G function (described in Appendix A.2), and the constants c 1 , c 2 , and β s are given by
Then, the apparent DM predicted by EG due to this realistic mass distribution is given exactly by
(11) For a detailed description of my methods, see Appendix A.
MODELING ISOLATED DWARF GALAXY ROTATION CURVES WITH EG
In this section, I apply my equations from Section 2 to real isolated dwarf galaxies. First, I describe the exact equations I employ, and then I discuss the data. I choose galaxies with projected shapes close to circular, and assume that they are nearly spherical.
Theory
Isolated dwarf galaxies contain a significant amount of HI gas that often exceeds the amount of stellar mass in the galaxy (Geha et al. 2006 ). This HI gas in dwarf galaxies typically extends far beyond the stellar disk (Broeils & Rhee 1997) . Thus, I must include the mass profiles of both the stellar mass and the HI gas mass to properly model the baryonic content of these galaxies.
I model the starlight profile as a Sérsic profile with index, n. I model the HI mass profile as an exponential disk -a Sérsic profile with n = 1. This gives
(12) where R is the stellar effective radius, R HI is the HI scale length, Σ is the normalization constant for the stellar content, and Σ HI is the normalization for the HI gas content.
Data
My sample is based on the Bradford et al. (2015) sample of isolated dwarf galaxies in SDSS DR 8. They choose all galaxies within the NASA Sloan Atlas 1 (NSA) catalog (Blanton et al. 2011 ) that have z > 0.002 and M r < 17.72. They then select according to an isolation criteria: for stellar mass M < 10 9.5 M , a galaxy is isolated if d host > 1.5 Mpc. For each of these galaxies, Bradford et al. (2015) measure the 21 cm peak flux and line width. The HI gas masses are calculated from the peak fluxes, and the inferred maximum circular velocity in each galaxy is taken to be the inclination-corrected velocity width of the 21 cm line at 20% peak flux.
Here, I begin with the full Bradford et al. (2015) sample of 546 isolated dwarf galaxies (M < 10 9.5 M ). From this sample, I use the NSA catalog to select all galaxies with an apparent axis ratio, b/a, greater than 0.75, which is comparable to the axis ratio of the classical dwarf spheroidal galaxy Fornax. This ensures roughly spherical galaxies, which is necessary for the current formulation of EG. My final sample consists of 81 isolated, nearly spherical dwarf galaxies. The median apparent axis ratio for my sample is b/a = 0.85.
For each of the galaxies in my sample, I use the NSA catalog Sérsic fit values for n, R , and M , and I use the Bradford et al. (2015) values for the HI mass and the measured maximum circular velocities. The median masses are M = 9.39 × 10 8 M and M HI = 1.57 × 10 9 M , the median Sérsic index is n = 1.20, and median stellar effective radius is R = 2.56 kpc. The median maximum circular velocity is v max = 118 km/s. I do not have direct observations of the normalization constants, Σ and Σ HI , and the effective radius of the HI gas, R HI . Instead I must infer them from other quantities. I set each normalization constant by assuming that half of the respective measured mass is contained within the effective radius. In other words, I use M (r = R ) = M ,meas /2 and M HI (r = R HI ) = M HI,meas /2, where the left hand sides are given by my Equations 7 & 12 and the right hand sides are given by the measured values.
To set the effective radius of the HI gas, I employ the results from a study of the HI content of spiral and irregular galaxies which found that log 10 M HI is linearly correlated with the effective radius of the HI gas disk (Broeils & Rhee 1997) . I re-fit the data from this paper (see Appendix B) and find 2 log 10 2R HI = (0.48 ± 0.02) log 10 M HI − (3.25 ± 0.16) ,
where M HI is given in solar masses, and R HI is given in kpc. I then find a probability distribution for R HI given M HI and the error on this mass (again, see Appendix B for more on this procedure). The values for R HI are given by the expected values of each probability distribution, and the errors are given by the standard deviations.
4. RESULTS Here I present the velocity curves predicted by EG, as well as a comparison of the predicted maximum circular velocities from EG to those measured in Bradford et al. (2015) .
First, I will look at the velocity curve for a sample dwarf galaxy with the median values from the data described in Section 3.2. I solve for the stellar contribution using the median values from my data of R = 2.56 kpc 2 Note that equation in Broeils & Rhee (1997) and n = 1.20. As described in the previous section, I calculate the normalization, Σ , by solving Equation 5 at the effective radius assuming that the mass contained within the effective radius is half of the median measured stellar mass M = 9.39 × 10 8 M . This gives Σ = 0.011 M cm −2 . Now, I solve for the constants describing the gas mass contribution. The median gas mass is M HI = 1.573 × 10 9 M . I find a median gas effective radius of R HI = 7.24 kpc by using the procedure outlined in the previous section. As in the stellar case, I assume that half of the gas mass is concentrated within the effective radius, and then solve Equation 12 for the normalization, which gives Σ HI = 1.5 × 10 −3 M cm −2 . The predicted velocity curve from EG is given as the blue, solid curve in Figure 1 . For comparison, I also include the prediction from Newtonian gravity (assuming only baryonic matter), which is given by the grey line. The median measured maximum velocity from Bradford et al. (2015) is given by the red, dashed line, as a reference. Note that the maximum occurs at r ∼ 20 pc. This is many times the effective radius of the stellar content. However, it is ∼ 1.7R HI . Thus, it is clear that the HI gas is the main driver behind the shape of the velocity curve, which agrees with the large gas fractions that are observed in these galaxies. Figure 1 . Circular Velocity as a Function of Radius for an Isolated, Spherical Dwarf Galaxy. The blue line gives the prediction from EG (see Equations 7, 11 & 12) . The red, dashed line gives the median measured maximum velocity from Bradford et al. (2015) . I include the Newtonian prediction (i.e. assuming there is only baryonic mass and Newtonian gravity) as the grey curve.
In Figure 2 , I plot the estimated maximum circular velocity from EG versus the measured maximum circular velocities from Bradford et al. (2015) . If the theory and observations were perfect, then all of the points would lie on the line y = x (black line). While this seems to be a reasonable fit for those galaxies with measured The deviation from this "perfect prediction" line is even more striking for binned data. Figure 4 gives the inverse-variance averaged estimated maximum circular velocity from EG versus the measured maximum circular velocities from Bradford et al. (2015) in five bins. Each bin has approximately the same number of galaxies. As can be seen, the last bin, v > 165 km/s, deviates sharply from the y = x line. Table 1 gives more information on the galaxies in this bin.
It should be noted that the no correlation case (i.e. m = 0) is also strongly disfavored by the data. However, considering that the equations for the predicted velocities do include terms that relate to the directly measured baryonic masses, it is not surprising that there is some degree of correlation here.
DISCUSSION & CONCLUSIONS
In this paper, I develop equations for EG's velocity curve predictions based on a realistic baryonic mass profile. I then extend this to isolated, spherical dwarf galaxies. These galaxies contain large amounts of HI gas, which must be treated separately from the stellar mass. Inverse-variance Averaged Estimated Maximum Circular Velocity from EG Versus Measured Maximum Circular Velocities from Bradford et al. (2015) . The black points give the original velocities from Bradford et al. (2015) , and the blue points give the turbulence corrected velocities. The black line gives the case if there was a perfect agreement with the measurements. Note that the last bin in both cases deviates significantly from this line.
Finally, I compare these predictions of EG versus the HI 21-cm line width measurements from Bradford et al. (2015) for 81 isolated, nearly spherical dwarf galaxies.
As I show in the results section, the predicted velocities from EG do not agree with the measured velocities, especially in the highest velocity bin. Interestingly, almost all of the systems in this highest velocity bin have much higher HI gas masses than stellar masses. Although it is not the case that all systems with high HI gas mass fractions deviate significantly from the EG predictions.
There are four possible explanations for this discrepancy between theory and data: (1) the 20% line width measurements of the HI gas do not give the true maximum circular velocity; (2) the errors for either the measurements or the theory are too small; (3) I have not correctly modeled the baryonic matter distribution in these galaxies; (4) EG does not properly explain the rotation curves of these galaxies. Below, I will discuss each of these in turn.
(1) 20% HI line widths It is possible that the 20% HI line widths are not a good measure of the actual maximum circular velocity. Bradford et al. (2016) give a nice commentary on this issue. Although some prefer to use the 50% line widths instead, Bradford et al. (2016) Figure 4 give the results for this turbulence-corrected data. It is clear that the predicted velocities for the last bin are still too low.
(2) Errors It could also be the case that I am under-predicting the error in the data and the predictions. I applied an MCMC routine to solve for the error in either the predicted or measured velocities that would minimize χ 2 . I found that a median value of σ v = 38 km/s would need to be added to the measured velocities, and σ v = 26 km/s would need to be added to the predicted velocities to minimize χ 2 . However, even when I account for these extra errors on both of these quantities, I still obtain a significant deviation from the measured velocities in my last bin.
(3) Modeling of the Baryonic Distribution There are many assumptions made when modeling the baryonic gas mass, and it is entirely possible that any of these could be incorrect. Perhaps the most error-prone methods are the use of an exponential distribution for the HI gas and my particular normalization routine for each of the profiles.
To model the HI gas profile, I assume that the surface brightness profile is well approximated by an exponen-tial profile. Considering that the median Sérsic index for these galaxies is n = 1.20 and I do not expect the gas to be concentrated significantly differently from the stars, using an exponential profile seems reasonable. This could be incorrect, however. In order to decrease the maximum velocities, I would need to decrease the Sérsic index used (i.e. decrease the concentration of the light at the center). However, this produces a negligible change in the predicted rotation curves.
As I describe in Section 3.2, I normalize the mass distribution functions by assuming that half of the mass is contained within the effective radius. This normalization routine for each of the profiles is somewhat arbitrary, and it does have a large effect on the final predicted rotation curves. Thus, this seems to be the most likely place where an error has occurred. Without measured rotation curves or integral field data, however, it is difficult to set the normalizations in a more accurate fashion.
(4) Emergent Gravity Finally, it is possible that EG does not properly describe these systems. It is currently still an incomplete theory -there is no cosmology associated with it, and it only applies in this very specific instance of an isolated, spherical mass distribution in a deSitter-like Universe.
It seems that we can safely rule out reasons (1) and (2) as being the predominant effect here. However, without full rotation curves we cannot give a definitive answer between the final two choices. Specifically, the shapes of the rotation curves and locations of the maximums would allow us to make this distinction.
In conclusion, I find a significant discrepancy between the predicted maximum circular velocities from EG and the measured maximum circular velocities around isolated, nearly spherical dwarf galaxies. We need rotation curves of these galaxies to identify if this discrepancy is due to my normalization procedure or the inability of EG to describe these systems. Given that EG is only equipped to handle systems of this type, however, it seems that these discrepancies should be taken seriously as a possible issue with the theory. The next step is to obtain rotation curves of these isolated, spherical dwarf galaxies with high HI gas fractions. This would provide the best test of EG at this time.
The author would like to thank David Spergel for his help and advice on this project. The author would also like to thank Jeremy Bradford, Erik Verlinde, Emmanuel Schaan, Adrian Price-Whelan, Andy Goulding, and Michael Strauss for helpful discussions. The author acknowledges support from the National Science Foundation Graduate Research Fellowship Program. Any opinions, findings, and conclusions or recommendations expressed in this material are those of the author(s) and do not necessarily reflect the views of the National Science Foundation. Table 1 . Properties of Isolated Dwarf Galaxies with Measured Velocities Greater than 165 km/s. These are the galaxies in the last bin of Figure 4 . The Columns are: (1) the NASA Sloan Atlas (NSA) identification number; (2) Right Ascension (RA); (3) Declination (DEC); (4) Stellar Mass, as given by the NSA catalog; (5) HI Mass, as given by Bradford et al. (2015) ; (6) Effective Stellar Radius, as given by the NSA catalog; (7) Effective HI Radius, as calculated in this work; (8) Measured maximum velocity, as given by Bradford et al. (2015) ; (9) Predicted Maximum Velocity, as calculated in this work; (10) Sérsic Index, as given by the NSA catalog. 
Γ(2n) = 2γ(2n, b n ) .
Note that I(R) and R are projected quantities. They do not give the 3D, physical radius or intensity. To find the physical luminosity (and then the physical mass), we must deproject the Sérsic profile. I begin by relating the intensity, I(R), to the luminosity density, n(r),
where I assume the luminosity density is symmetric in z. Note that r is the radius in spherical coordinates and R is the projected radius (i.e. the radius in cylindrical coordinates). Now, we can change variables using r 2 = R 2 + z 2 . This gives The third probability, p(a, b, V |I), is given by the MCMC chains that I ran previously. If I combine the first two probabilities, I find
which is done for fixed (a, b, V ). This integral can be calculated numerically. Then, to find p(D|M, σ M ), I employ Monte Carlo integration. That is, I calculate
for the MCMC chain I found previously. However, I cannot use the entire chain: MCMC chains are autocorrelated. For only 3 parameters, this auto correlation length is less than 10 time steps. Thus, I evaluate Equation B11 at each z th step of the chain, where z ≥ 10. To find the pdf, I evaluate p(D|M, σ M ) for an array of D values. I set this array by finding the best guess for the actual value, D guess , (i.e. I evaluate Equation B1 using the median values of a, b I found above) and then setting the minimum and maximum D values to be D guess /2 away from it.
The value of D and its error that I use for each galaxy are given by the expected value and standard deviation of each distribution. Finally, R HI = D/2.
